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The ray rnethod in the fiequency domain describes the asyrnptotic behavior of the wave field for
large liequencies which is not, in general, unifbrm with respect to the distance between the source

anð the point of observation. This irnplies that one can thce situations in which the results obtained

by the ráy rlrethod rnay not be reliable I'or large distances fiotn the source, if the dominant liequency

ii not high cnough. tn this paper wc present two examples of such a type of problern fbr rather

sirnple elastodynãrnic problerns: a hornogeneous tnedium; and a constant gradient velocity medium

without interf'accs. For both cases, the sources arc assutned to be represented by two successive

terrns olthe ray series, and therelbrc therc are no point sources problems in our study. To thisend
rve ernploy the fbllowing criterion of validity of the ray methodl the absolute value of the ratio of the

second tei't.r ol'the ray seriss to the lìrst one must br¡ less than unity, This criterion turns out to be

scnsitive to tho radius of curvature ol the initial wave tiont and to the initial distribution of the

arnplitude (or energy) along it. In lhc rvorst case of an initially planar wave fì'ont with nonunifbrm

clisiributiori ofthe ãmplitude, the second term ofthe ray series increases very fàst. This gives rise to

strong linritations to the use olthc ray rnethod with respect to distance if the liequency is f'rxed, or

rvith iespect to fiequency lbr large distances. 'l'he depolarization phenomenon in both cases is

discussed as well.
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ALGUMAS LIMITAÇÕES À APLICABILIDADE DO MÉTODO DO RAIO NA

ELASTODIN,îMICA --O nútodo do raio dcscrcve o contportanrcnto assintótico do canpo de

onda para altas freqüências. Em geral, esle conxporlantento não é uniforme enr reløção à distância

dafonte oo ponio di observação. Isto signiJìca que esle método podefornecer resultados errôneos

caio a fruqtiência clominanre não seja sttJìcientenrenle alta para calcular o campo a grandes dis-

tâncìai da'J'onte. Nesle trabalho são apresentados dois exenrplos envolvendo problemas simples de

¡rropogoção de ondas elcisticas, onde o ntétodo do raio enconlrou a citada di/ìculdade de aplica'
'CAo. 

lsrct exentplos envolvem unt nteio homogêneo e otltro de gradiente conslante de velocidade,

ambos sent intei/àces e onde consideran'tos o campo sendo gerado por umafrenle de onda inicial e

não por uma þnte ponrual. Para chegar a este resultado, aqui foi aplicado o seguinte critério de

validade da ieoria'elo raio: o valor absolulo da razão entre o segundo termo da sërie do rqio e o

¡trimeiro deve ser menor que a unidade. Tal critërio é sensível ao raio de curvatura dafrente de

onda inicial e distribuição de ampliludes (ou energia) ao longo deste, O pior caso se refere afrente

de onda inicialmente planar e com distribuição irregular de antplitudes. Neste caso, o segundo

termo cresce muito rápido, implicando enx severas limitações para o uso do ntétodo do raio com

relação a distância àlbnte, caso aft"eqüência.sejafixada, ou com re1peito àfreqüência, se esta

distância J'or muiro gt:ande. O fenônteno de despolarização também ë discutido nos dois exemplos.

Palovms-chaves: M¿todo do raio; lìlastodinâmica: Validade da aproximação ctssintótica.
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INTRODUCTION

ln a nutnber ofgeophysical applications, the ray ntethod

is used in situations when the dominant fiequency of a wave-

let is relatively small while the distance between the source

and an observation point is large. Even if the characteristics

of the inhomogeneous nrediurn in such cases val'y slowly as

compared to the wavelength, the results obtained by the ray

method may not be reliable. This conclusion f'ollows fiont
the factthat the ray rlethod (as well as Maslov's and Caussian

beam methods) describes the asyntptotic behavior for high

frequencies, but are not unifonn, in general, with respect to

distance. On the other hand there are fèw examples in geo-

physics when the exact solution to elastodynanlic wave

propagation problerns is available in closed analytical form.

For instance the point source problerns f'or an unbounded

isotropic homogeneous nlediunl as the center ol'dilation or
rotation, and concentrated f'orce in general (Aki & Richards,

l98l). These solutions have the form ofseveral ternls ofthe
ray series in 3-D and infinite asyrnptotic series ftrr far freld

in 2-D. For exarnple, in the case of the center of delatation in

3-D, it consists of two terms of the ray series. In fact, these

solutions in the fì'equency dornain depend on the product,tr,

where k is the wave number and r is the distance to the source.

Therefore, asyrrrptotics of the wave fìeld for large É turns

out to be unif'onn with respect to large r. Though these ex-

amples are very specific, they are exceptions in wave propa-

gation theory, and tell nothing about more general cases.

They give the idea that there are no limitations fbr the use of
the ray method with respect to the distance to a source. If,
however, one can find hints on the existence of such limita-
tions in literature they are supposed to be caused by the varia-

tion of the velocity along rays. In other words, linlitations
may appear only in inhornogeneous rnedia, see e.g. Cerven¡i

et al. (1977), page 204.

The main approach of this paper is to present sorlte

clarifying examples in which the ray nrethod in
elastodynamics faces serior¡s limitations. For this ainr we

ernploy a criterion of validity of ray series suggested by

Popov & Camerlynck ( I 996), and based on the theory of
asymptotic series. According to this criterion we have to
examine the absolute value of the ratio of the second term

of the ray series to the fìrst one. If this ratio is less than
unity for given values of all the parameters of the problem,
the main term can be used for approximation of the wave
field; but not in the opposite case when the ratio is greater

or equal to unity.

Sonrc Linritations lìrl tho Applicability ol'1hc lìay Mcthocl in l:lastod),namics

Unf-ortunately, this criterion is not easily applied, be-

cause the calculation of the second terlrr of the ray series,

though not very difTcult in principle, requires cuntbersonte

evaluations. Theref'ore we restrict ourser.vels to consider-
ations of rather sirlple ntodels fbr which the necessary cal-
culations can be carried out alllost analytically. Note that

the problenr of validity of the ray theory has been studied

in the above nlentioned paper by Popov & Carnerlynck
(1996) for the reduced wave equation in 2-D but also for
more collplicated models (wave-guide propagation).

In the fìrst example we consider a 3-D hornogeneous

medium and assunte that the initial wave field is given in

the f'orm of two terms of the lay series. The radius of cur-
vature of the initial wave fì'ont is denoted by R and rray
vary in a wide range. Obviously, f'or an initially plane wave

li'ont R : co. J'he paranteters involved are the fbllowing:
radius of curvatLlre R of initial rvave fì.ont, distance to the

point of observation, circular lì'equency r¿ and distr.ibution
of the aurplitude (ol energy) along the initial wave fì.ont.

We study the behavior of the second tenl as a fi¡nction of
these pararneters. It tulns out that, in the case ofthe plane

wave lront and non-unifbnn clistribution of the initial ant-

plitude along it, the sccond terrrr increases proportionally
with the distance to a point of observation.'lhis strongly
limits the use of thc ray rrrethod with respect to distance if
the dominant fì'eqLrency is not large, or with respect to low
values of fì'eqLrency if the distance is large.

In the sccond cxanrple we consider a constant gradi-
ent velocity nlodel without interfàces. Unf-ortunately, in this

case we had to study a 2-D problern because ofthc exten-

sive analytical calculations required. The parameters in-
volved are the salue as in the fìrst exalnple. lt seerls that

here, the linlitations to the ray urethod are even tnore se-

vere in the case of an initially plane wave fr.ont ancl a non-
un¡fonn distribution of the amplitude along it.

Wc would like to enrphasize that the two exarrrples do
not correspond to the point source problenr ntentioned
above, in which the curvature of any wave fr.ont and the
arrrplitude on it are strongly connected. In our. exarnples
both the curvature of the initial wave fiont and the ampli-
tude on it are independent paranteters. This is different to
the problern considered by Vavrycuck & yonrogida ( 1995),

and their formula for the second term of the ray series in
the fiequency domain can be obtained in our first exarnple

for particular values of these paranreters. Ilowever, point
source problerls in inhorlogeneous media are in broad use

in geophysics and its applications, thereftrre it would be

Revista Brctsileira de Ge ofisicct, Vol. l5(3), t997



227

is the velocity of P-waves, J is the geometrical spreadingvery interesting to check the validity condition of the ray

method for those point source problems. Unfortunately, we

face the caustic problent in the very beginning ofsuch in-

vestigations because even in the vicinity of a point source,

the integral in the expression for the second term ofthe ray

series (see Eq. (6)) becomes singular. Thus, sotne, regular-

ization procedure is required to compute the integral

(Babich & Kirpichnikova, 1974). Then, in order to calcu-

late the ray arnplitudes on a given ray one needs to know

rays which fonn a narrow ray tube centred on that ray, so

the corresponding problem is actually local one. Therefore

our results are valid for an arbitrary wave front which is

locally spherical, i.e. is spherical in a vicinity of the given

point on it. However, in general cases not only the curva-

ture of the inicial wave front but also its derivatives influ-

ence on the second term of the ray series. We do not in-

volve these derivatives into consideration as additional

parameters of the probletn in order to simplify calculations

and because they wilt not change significantly the results

obtained in this paper.

BASIC FORMULA OF'THE RAY METHOI)

Consider a nonhornogeneous elastic rnediurn with

Larne's parameters )', ¡tanddensity p.Theray series in the

frequency domain is represented in the form

¡ - u-ia(t-n T ,,u:',,, ,

¡¡=g \t(Ð¡
(l)

where U means the displacement vector, ø), is the ampli-

tude vector and ris the eikonal. The main term corresponds

to r¡ = 0 and the second one to n: L

From here on we shall consider P-waves and for li6

we have the following expressions

M. M. Popov & S. Olivcira

and the function ryn (a, f) of the ray parameters a, B de-

scribes the distribution of the arnplitude along the initial

wave front.

The second t.rru fo) has the form

út = aetYr + rifo) ,

,_ llD(x1,x2,41
lDtu,Ðl

,¡lo)=^o2 u(¡ù.' lt+ p

(4)

where /f0) is orthogonal to Vrand because of this it is
called mixed term. It can be represented as follows

ùs = a(P¡Y r,

where

)" + 2trt

p
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The expression for p, is more cumbersome

aJ (0)
(Dt =I ' loPl

(M (ü
p

+ L(ùù, Vr) dtl (6)

To complete the formulas for the second term, we must

write down the expressions for the operators Ii and i.
For an inhomogeneous isotropic medium in Cartesian

coordinates, these formulas read

M(A) = (I + p) IYrdiv A + Y(A,Yc)l

+ ¡tALr + 2p(Y r,Y) A + Y\,(A',Y c)

+ [VÉ¿, IA,V d] + 2(Y ¡t,Yr) A

wlrere [V¡r, lA,Y r]l stands for the double vector product,

L(A) = ([ +p) YdivA + pA,A + divAY]u

+lY ¡t, rot Al + 2 (V¡t,Y) Ai.
(8)

[r, ,o, Ð -: [:,,1
L -" I

(7)

eo = Vol"'!)
,laPJ

(2)

a
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For details see Cerven¡i et al. (1977), and original
papers Karal& Keller (1959), and Alekseev et al. (1961).

Being rather curnbersorne Eqs. (5) and (6) require spe-

cial algorithrns in order to apply them to geophysical rnod-
els. An algorithm for computations of the second tenn has

been suggested by Kirpichnikova et al. ( 1994).

EXAMPLB l: HOMOGENEOUS MBDIUM

Suppose that the inicial wave field is given by two
terms of the ray series with a spherical wave fiont of radius
R centered at the point x, : -R, xr: xr: 0, see Fig. I . We
consider the central ray of a ray tube which coincides with
.rr axis and calculate the second term along this central ray.

To this end we actually have to study rays from the ray
tube around x, axis and do not need to know the global
behaviour of the corresponding family of rays.

Let 0 and p be the angles of the spherical coordi-

nut.s -{ < O s !, 0 < ç < 2n, andlet us introduce the2 2'
ray parameters a and B by the following formulae

x3

sonrc l-imitations lìrr thc r\pplicability ol'thc Iìa1, Mothocl in lìlasroclynanrics

a:R0, lt:Rç,

)-R,

),

(e)

( t0)

( l3)

so that they have the sense of lengtlr along the initial wave
front. Note that these pararneters are suitable to study the
uniform transition fronr the spherical initial wave front to
the plane wave front, when R : co and the angles of the

spherical coordinates cannot be used as the ray paranteters

anymore.

Then, the corresponding farnily of rays as a function
of the ray coordinates r, ü, fl takes the form

p
Jr¡

x3 (R + ar) sin (

(R + ur) cos 1{) cos 1

x2 (R + ur) cos 19¡ .rir ¡

R

p
R

p
R

For the central ray of a ray tube we have 0:0, rp:0
and a:0, fl:0. By substiruting Eq.(t0) into (3) we get
the following expression for the geometrical spreading

. (n + ,tr)2 .a
'/ = p' cos (f,)' (l l)

where the eikonal t can be r.egarded as a function of the
coordinates xt, xz, xt. Irrdeed, elirninating the ray parant-
eters cx and B in Eq. ( l0) we obtain

x2

'L(x¡ 

+ R)2+*l**!-n
(t2)

CI

X1

This allows us to further sirnplify the calculations. By de_

not¡ns 
'Ìí(.,,fi,= i:::Ï' 

we cornbine."' (;) in Eq. (n)
tott 

,, 
)

with an arbitrary function yzo and present the function po in
(2) in the following forrn

R
Qo= R+or

Øo @,þ)
,,lap

Figure I - lnitial wave front and ray parameters.

Fìgura I - Frente de onda inicial e parômetros do raio.
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( l4)

( l5)

R
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where we lrave to substitute A by çnaY r.

Ernploying Eqs, (9)-( la) we obtain for the nrixed term

which is more convenient for the f'ollowing calculations.

Consider first the mixed tenn ,1 
f 

0) in Eq. (4). For ho-

mogeneous media it follows fiorrr (7), that

Then, we have to calculate the scalar product

(u @[")) + Z(u1¡), Vt) on the central ray x2: r,:0.
Being not difficult in principle, the corresponding
calculations turn out to be cumbersome. ln order to reduce

the size of the paper we omit them and confine ourselves

to the following remarks for calculation.

l. ln a homogeneous medium po satisfies the trans-

port equation

2 (Y r, Y q) + çoLr: 0,

which allows us to elirninate e.g. scalar product (Vr,

Vp,,) in intermediate results.

2. By introducing the vector

/=(R+x1)e¡ +x2e2+x3ë3

we can present the eikonal r in (12) in the form

I

r = 
(r', t')2 - R, (19)

CI

which seems to be useful in calculations. U-

sing (19) one can, for instance, easily obtain

Ar= 2

a(R+ar)'

3. The function Øo @,þ) depends on the ray parame-

ters (9) and has to be regarded as the compound

function of the coordinates r/¡ (a(x, x, xr), Þ(xu
x, xr)) in all intermediate calculations. lt remains

constant along each ray what implies that every ray

belongs to a surface Vo : k, for a certain constant

value of ,t in the right-hand side. On the other hand,

it is well known that Y /6 is orthogonalto this sur-

face and therefore Vr/6 is orthogonal to Vr di-

rected along the ray, i.e. (Y /¡, Vr) = g. The lat-

ter identity provides simplifications in intermedi-

ate calculations.

4. ln developing an expression with operator U çf f0)l
the following equality has to be taken into account:

I

. (0) lllt - 
1

aR
p R+ur

VÙo (o,É)'

where the gradient of W, lras to be calculated with respect

to the coordinates -r, ¡ : 1,2,3. Therefbre, to complete

(15), we must regard û, as a conrpottnd function of x,, i:

1,2,3 andthe derivatives +. ^4 lror"to be computed on
tt¡ rlt¡

the central ray of the tube, i.e. on the x, axis. We deduce

from Eqs. (10) the following result for the desired deriva-

tives on the x, axis

øl = lLl =0,+lôatlrr..,=o Â2 1.r,,,=o ä'3 l.rr,,=o

ql =apl =o.slât l.rr.. =o â3 l*,., =o &2lrr..=o

.x1 +R

R (16)

.r¡ +R

Taking into account Eq. (16) we obtain the final

expression for the mixed term on tlre central ray,

+
(0
I

u

where by eL , (i : 1,2,3) we denote the basis vectors of the

Cartesian coord inates.

Consider further the function g, Biven by Eq. (6). We

have to apply the operator lrt in çl+¡ to the mixed term

(15) and the operator L to til¡.lf follows frorn Eq. (8) that

L @o) = (¡, + p) div u1¡ +pA, úç

'ü Rz I aV,
,I^'cl

ïP(n+x1)'It?cx
(t7)e2

aVo

ôþ

lì
{
l
i

I

i.
i
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(t8)

't ^ ^')-
É dl d-t/,to dr

,f,=, h ^r-r 
ao = o' (20)
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(l 9),

So¡ne Li¡nitations I'or thc Applicability olthe Ray Method in Elastoclynamics

The proof of Eq. (20) follows by differentiating Eq.

=r;foi'Í#*ffi,,=o=, (24)

ô2 r ôr, 1è, ,i¡ 1ër, i¡
Employing Eqs. ( I l), (23), (24) we arrive at the following
expression for p,, given by Eq. (6), on the central ray xr :
x.,:0ora:þ=0:

,'l
_',1

a(r,r)'
(2t)

(22)

Øo (o'o)

R

õx ¡ ôx¡ a(r,r)'

Then,

3 2
Vo

R
QI a=Ê=o - 

^f 
àp@1 + R) n(0,0)I aôr

ôrj

ôr

ô**

j,k=t

,k

ôt
òx¡ õx¡ ðx¡ *o'lt

x¡+RI - ,(L"pVo)d = ß=o

R

R

R+x¡

(2s)

I d

ô*r õx

dol
= o, ãl = o, i = t,2,3.

=p=0 r td=p=g

Further, using Eq. ( l6). we get

denotes the Laplace operator,

Apparently, for po on the central ray we have

3 ôr ^)dVo¡ d-t dVo,
^ )-; ^ ^ Ioxj oxJ dxk drj

_ (u r,v fie
I

a(r, r),

(
j

where
^.)-
o'Vo
^tdd-

= (Vr,V) (Yr,YVs)

* (v",vØo 
= o

a (r' ,r),

çu1u[o)) + L(tis).Yfl = ,lap olo, o4o

2ap
- ;(Do¡(R+ar)"'-

4pVo +
^)-d-Vo

ô[t2

Eq. (20) also provides simplifications.

Eventually, after some mathematics we arrive at the

following result
t Øo (0,0)

9olo=f =o 
= -W (26)

where A/g means Laplace operator in coordinates xt, x2,

x, applied to the function fr,.
In the last step we have to calculate the righfhand

side of Eq. (23) on the central ray a: p:0. Based on Eq.
(10) we obtain

d,l
,4|"

Note that, to apply the criterion of validity of the ray

series we have to consider the ratio of the mixed t..* ,i f 

0)

and of p, over (po. So the multiplier R(R + xr) before brack-
ets should not be taken into account.

Based on the Eqs. (17), (25) and (26) we arrive at the
following conclusion.

lf the distribution of the amplitude (or energy) along

the wave front is uniform, i.e. yo does not depend on the
ray parameters o", p, the mixed term vanishes. Depolariza-
tion phenomena does not exist in homogeneous media.

From Eq. (25) for p, it follows that no serious limitations
for the use of the ray method appear. Indeed, the dominant

-{r
term 41¡*r¡ in (25) tends to l/Rfor largex, and does not

increase. By means of moderate values of circular frequency

ø, the ratio lurltløluol¡ can be kepr less than unit for an
arbitrary distance from the initial wave front.

Suppose now that the amplitude is not distributed uni-
formly along the initial wave front and that the derivatives

of Øo with respect to the ray parameters do not vanish. ln
this case we may observe a depolarization phenomenon,

tØol"=p=o = t# r#f . # r#r,

(23)
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but its magnitude decreases with distance as l/(x, + Ä)2

arrd depends on the radius of curvature R of the initial wave

front. In Eq. (25) for p, the last term dominates and for

large distances it starts to depend upon R due to

Rj:,

litn",-- t * = R. The criterion of validity of the ray

series becomes sensitive to the radius of curvature of the

initial wave front.

ln the limiting case of an initially plane wave front (R

: æ) the situation changes drastically. The depolarization

takes place and its nragnitude remains independent of the

distânce x,. But t'or p,, we get in this case

11

10

o

ö

7

6.5

6

5.5

q

4.5

4

{r, to,ol - î,, tq,, VA-= w\en
0.1 1 10 100 1000

Qt o,p=s =
up

and q, grows proportionally to the distance x, along the

ray because Ao¡tØ0, in the right-hand side of (27) is not

equal to zero. This leads to strong lirnitations for the use of
the ray method with respect to both distance and fiequency.

For large distances, we have to use high values offrequency

in order to keep the ratio ú1 /kt't)0) less than unity; and

to study the depolarization phenomenon, we also have to

take into account the first term of Eq. (4), which contains

ó, and essentially limits the validity of the ray method.

Otherwise we can get wrong results in the case under con-

sideration.

As an illustration of these results, the behavior of the

ratio log ,'[t) L'r, where ,Í') = urplYr,as a function

of tlre distance x, and the radius R of the initial wave front

is depicted in Fig. 2. In the numerical computations we set

a:2500 m/s. For convenience we assunle%, and y,, along

with the second derivatives of ryo,to be equal to one on the

central ray under consideration, with cr : P -- 0. Though

the latter option of go and V, may seem to be artificial, it
allows to demonstrate a trend in the behavior of this ratio.

Of course, we could impose other values for tyo, ry, and the

derivatives of ryn on the central ray, but it will not influ-
ence the trend ofthe curve on Fig. 2, what can be deduced

from Eqs. (26) and (27). Notice that, in principle, a source

of the wave field predetermines Voand Ø, as the function
of the ray pararneters but their finding in the particular case

of the source may be a difficult task.
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Figure 2 - Evolution of log with distance (in km) for
tto

different radius R of initial wave front. Logarithm scale is

used in both axes.

u

l,li"l
Fìgura 2 - Evolução ¿n tog)ltio) com a distancia (em km)

parøJ'rente de ondq inicial cont raio R. Escala logarítmica
é ttsqda ent ambos os eixos.

EXAMPLE 2: CONSTANT GRADIENT
VELOCITY MODEL

Consider a 2-D inhomogeneous elastic medium with
the velocities a and b of the P and the S waves, respec-

tively, given in the form q : qt + xrarandb: á, + xrb,We
suppose that the density p = I is constant and p: l.

We assume that an initially cylindrical P-wave front
with radius of curvature R passes the origin of the Carte-

sian system with coordinates xt, x2. The central ray of a ray

tube starts from the origin under the angle n/2 - 0 with the
x, axis, see Fig. 3.

Each ray from a ray tube can be specified by the angle

1, see Fig. 3, but instead of y we use cr, : yR as the ray

parameter. The corresponding families of the rays can be

presented in the form

J C[,xt = -r(a)cos(-;- +0 +¡)+€(o),

xz = r(u) r¡n (j^ +e + fi) +(,
(28)

L

Plane Wave

R= l.OKm

R='f 0Km
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where .r is the arc length along the ray, r is the radius of
curvature of the ray. It is well known that the rays are arcs

of circles. Apparently, x, : € (a) and x, : ( are coordinates

of the centrum of the circle. Notice that ( does not depend

on the ray parameter.

xl

x2

Figure 3 - Initial wave front and the ray parameters in 2-D
case.

Figura 3 - Frente de onda inicial e parâmetros do raio no

cqso 2-D.

For cr : 0 we obtain the central ray of a ray tube,

which starts from the origin for s : 0. This implies that (
(0) : r (0) cos 0and Ç: -r (0) sin d. All other rays from a

ray tube start when s: 0 from the initial wave front given
by the expression

sorne Linritations f'or the Applicability of the llay Mcthocl in Dlastoclynamics

Thus, Eqs. (28) and (30) describe the desired family
of rays, corresponding to the particular problem under
consideration. In this case we used s and cr as the ray

coordinates instead ofthe eikonal eand cr.

Eq. (2) for the main amplitude ar6 of the p-wave holds
true in this case also, but the geometrical spreading (3) takes

the fonn

v ¡ =lDGt, 
rzl 

= , *
I D (s,a) 

| {.", ra * ffl
r (a)

ct

e -cos( t *o*ltl'r(d) R')

úÍo) = - (A, n) n, lZZ¡

A=2b qoVó - øvtp6+
a

Rsin(0 + !

2t- q2

(3 l)

qo Va (3 3)

In order to derive an expression for the mixed term

,if0) *" have to apply the operator ¡rt tothemain ampli-

tude /6 given by Eqs. (2) and (3 I ). Though Eq. (7) for M
can be slightly simplified in the case under consideration,
corresponding calculations turn out to be bulky. By intro-
ducing the unit vector n. orthogonal to the ray.

I = cos (rål * 0 +oo)ò1 - sin(rål * e +a^)èz çz)

with e; , ", 
being base vectors of Cartesian coordinates, and

after some algebric manipulations, the expression for the
mixed term can be written down in the form

r, : -R sind+ R sin (á+ y),

xr= -R cos á+ R cos (d+ y).

2a

Combining Eqs. (29) and (28) for s : 0 we arrive ar

the following formulas for r (cr) and ( (cr).

where V means the gradient in Cartesian coordinates. It
follows from Eq. (33) that the mixed term does not vanish
in this case even if the distribution of the amplitude along

the initial wave front is homogeneous, i.e. qøo does not de-
pend on cr.

To develop an expression for p,, defined by Eqs. (4)
and (6), we had to use the software,,Mathematica,'and then
to carry out the numerical calculations for the final results.
ln the computations we have used the following values for
the velocities a: (2500 + 0.l04xr) m/s and b: (1750 +

(2e)

€(a) = r(ø) cos <e * fi>* 
R sin (0. i) - R sin g.
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R=10Km

R=1.0Km

R=0.1Km

0.073xr) m/s. As in previous exarnple, t//0, t//tand the de-

rivatives of y,, with respect to the ray pararneter were put

equal to unity.

z)3

ing results are depicted in Fig. 5. For moderate values of R,

the ratio declines with distance along the ray, while for
large R and an initially planar wave front it remains almost
independent of the distance. However, precisely in those

cases the first item a(l) - arp Yr of the second term (4)

has to be taken into account due to its dominant role in the

regulation of the applicability of the ray method itself.

,*l#l
4

2

0.5
0.5 10 20 30 40
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The evolution of log with distance along the cen-

tral ray, fixed by 0 = L, is depicted in Fig. 4 for diffèrent
4

values of the radius R of the initial wave front. In general,

the behavior of the ratio is si¡nilar to tlre case of a homoge-

neous nrediurn (cornpare with Fig. 2). Thus, in this exarnple

we also face the situation when restrictions t'or the use of
the ray method appear with increasing distance to the ini-

tial wave front.

We exa¡line the depolarization phenomenon study-

ing the absolute value of the ratio of the nrixed terrn u f0)

to the nlain term ril¡ fbr non-horrrogeneous distribution of
tlre arnplitude along the initial wave front. The correspond-

r""14l"lu0 
I

,il )ltl

tto

o

7.5

7

6.5

6

5.5

5

4.5

so Km

Figure 5 - Depolarization phenomen on. Evolution of log
.r0ìui'

, with distance along the central ray for differenttto'
values of radius of the initial wave front.

Figura 5 - Fenômeno da despolarização. Evolução de log
. t0luì'
,. com a distância ao longo do raio central para dife-u0\

rentes raios de curvaturq da./i,ente de onda inicial.

0.1 10 50

Figure 4 - Same as Fig. (2) but f-or the constant gradient

velocity model. The distance along the central ray is
indicated on horizontal axis.

Figura 4 - Gráfico correspondente qo da Fig. (2), mas

pqrq o meio com gradiente constante de velocidqde. A dis-

tdncia ao longo do raio central é indicada no eixo hori-
zontal.

CONCLUSION

It follows from the examples discussed above that se-

rious restrictions to the ray method in elastodynamics may

appear even for rather simple models. ln the cases under
consideration, the validity of the ray theory is sensitive to
the distribution ofthe amplitude along the initial wave front
and its radius of curvature. But are they the only param-

eters which strongly influence the behaviour of the second

term of the ray series? The worst situation is observed for
the initially planar wave front and a nonhomogeneous dis-
tribution of the arnplitude along it. Even for small varia-

4

----È=ï¡x'

1Km

H=1
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tions of the arlplitude in the lateral directions the second

tenn grows proportionally to the distance between the ini-

tial wave front and the point of observation. Thus, to kccp

tlre value of the ratio uy l(ori' ), wlrich regulates the ap-

plicability of the ray nrethod, less than unity we have: ci-

ther to increase the low linlit of li'equency with incrcasing

distance, or if the fiequency is boundecl fionl abovc, to

limit the value of the distancc. We stress once again that

for both exanrples the well-known validity conditions of
the ray theory, such as snlall variations ofthe nrediunr along

a wavelength, and ofa gradient ofthe anrplitude conrpared

to the arnplitude itself are fulfilled. Nevertheless, the ray

theory nray be out of the range of its validity. This proves

that being rather heuristical, those conditions cannot be

regarded as suffìcient and therefore reliablc in every case.

We could and woLrld like to suggest thc following in-

terpretation to these results,

If we consider the ray theory only to the f rrst approxi-

rnation, taking into acçount only the urairr ternl n:0 of'thc

ray series (l), wc can construct a beanl of the wave lreld

which propagates along the central ray without spreading.

The whole energy of the wave fie ld will lelrain in this beanl

because the energy propagates along ray tubes and thcrc

are no transversal diffLsion of it across the ray tubes.

lndeed, in the fìrst exarnple we have lànrily of'rays
paralell to the x, axis originally enranated fì'onl the initial
plane wave front. Varying the anrplitLrde, exactly the lLrnc-

tion (pt, along the initial wavefiont this ray fìeld can be

bounded in the lateral directions. To this end ç0,, should be

non-zero only in sorne domain on the initial wave lì'ont

and then it has to be extended snoothly to zero values in

the rest of the initial wavefront. Thus, the obtained wave

beam does not spread in the lateral directions at all be-

cause the geornetrical spreading is constant everywhere.

The energy of the initial wave fìeld will propagate with

this beam without transversal diffusion, and no limitations

with respect to the distance of propagation of this beanr

appear.

It is, however', appalent fì'om the physical point of view

and from experiurents as well, that such view and fionr

experinrents as well, that such type of propagation phe-

nomenon cannot exist. We know fiorn nrathematics that a

source of finite geometrical dirnensions gives rise to a

spherical wave fbr large distances fiorn it in 3-D, but not

f-or the bearn above described. Evidence for that exists also

in the ray theory itself', l¡ut we have to take into account the

second ternl n : I in the ray series ( I ). Exactly in this case

Sornc l,imitations lirl thc Âpplicabilit¡,o1'thc Ila¡,Mcthocl in lrlirstocl¡,nantics

the second tcrrn irrcreases with distance what sets up a limi-
tation ftlr thc cxiste nce ol'such a beam with respect to dis-

tance.'l'hus, we can conclude that the ray ntethod fàils in
these particular cases becausc it does not describe properly

the transversal diflì¡sion ol'the energy of the wavefield.

It rvoulcl perha¡rs bc an exciting task -just to check

whether nunlcrous applications ol the ray theory in geo-

physics havc been carried out in lì'anles of the validity of
thc thcoly. Unf'ortunately, this task will require extensive

studies of the sccond ternl of the ray scries and develop-

nrents of the corresponding cornputer codes.
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ALGUMAS LTMTTAÇÕES À ApUCABTLTDADE DO rvlÉrOnO DO RArO
NA BLASTODINÂMICA

O rnótotlo clo raio ó urla I'crlarlcnta parir cstuclos rlc pro-
pagaçiìo clc oncla largamcntc usado na sísniica c na sisnrologia.
l'lsto nrótoclo é crnprcgado particulalnrcntc crn situirçircs onrlc
a vclociclaclc do tncio v¿rriir lcntarnclttc colìlpara(la sor.rl o conl-
plinrcnto clc oncla clolnina¡ttc c cnt cluc ó ncccssirlio calcular o

0anlpo ¿r unra glanclc distância. nrcdicla crn conrprinrcntos dc

oncla, cla lìrntc. l)oróm, nrcslìro sc a vclociclaclc valiar rnrrito

suavclncntc, os rcsultaclos otrticlos pclo métoclo do laio poclcrn

não scr conlìhvcis pirlir a situaçiro clcscrita antct'iornrcntc. l.lsla

conclusão é consccltiôncia dc c¡uc o nrútodo clo raio lornccc
rcsr¡ltados t1r"rc siro assinttiticos cont rclaçào iìs altas licqüônci-
as. nlos cstcs, cnr gcrirl, nào siìo rrnilìrrntcs conr rclaçiìo iì ilis-
tância. Contuclo, na litclatula, tais linritirçircs iì aplicabilicliulc
clcstc nlótoclo s¿ìo cstt¡claclas iì luz clc critórios llcr¡rísticos. lìrr-
nlt¡laclos crn tcnlros dir variaçiio cla vclociclaclc ao longo do
raio c, porlânto, irparcntonlcntc. s(r aparcccriant cnr ntcios hc-
tclogônoos.

O objctivo dcstc trabalho ó irprcscntar alguns cxcnr-
plos csclarcccrloros nos r¡uais o nlétodo clo raio, aplicaclo iì

plopagação clc onclas clhsticas, cl.tcontra sórias diI'icuIdaclcs.
I)ara cstc proptisito nris cnrprcgamos unl critór'io clc valicla-
dc clLrc é consistcnto corr a tcoria tlas sórics assilttriticas. I)c
acorclo corn cstc critério, ó ncccssiirio t¡uc sc cxarninc colììo
sc conlporta a raz¿ìo ctltrc o scgundo tcrnro cla sério clo raio
conr rclaçiìo ao plinrciro tcnl.lo dcsta séric, Sc csta raz¿ìo lìrr
m0nor quc um. o prinrciro c principal tcrnto podc scr rrs¿tlo

conlo urìliì aproxirnaçi'io tlo cantp clc orrda. Caso csta raz¿io

so.ia rnaior'(¡rc unl, o tcnno principal não potlc scl'considc-
raclo unra aproxinraçiur vhlida para o c¿ut.ìpo. Inl'clizrncntc,
cstc critório niro é läcil clc aplicar, pois a obtcnção clo sc-
gunclo tcrrno, cnlbora sirrrplcs cm princípio. roc¡ucr longos c

tcdiosos chlcr¡los. Dcviclo a isto, nos rcstringinros a rnoclc-
los simplcs. par¿ì os quais os cálculos puclcranr scr Icitos
quasc todos analiticarncntc. Outra tlil'iculclarlc ¿tparocc lto
caso clc lìlntos ponluais. l'ara cstas, o c¿ilculo clo scgunclo
tcrnro rcr¡ucr rcgularizaçào clcviclo ¿ì singularidaclc quc sur-

gc no local cla lìrntc. I)ara cvitar csta conrplicitção cxtra.
considcranros o oalìtpo sonclo gcraclo a partir clc unta lì.cntc
tlc oncla inicial.

No printciro cxcntplo, lìri considcraclo o problcma clo

carl¡-ru dc ondas I) scnclo gcraclo por ulll¿ì ficntc clc oncla ini-
cial csl'órica crr.r unt rlcio hontogônco. O contportanrcnto clo

scgundo tcrno Iìli cstuclaclo cont rclação aos scguintcs
parârnctros: raio clc curv¿ìtura I{ cla licntc tlc oncla inicial,
distância a unl ponto dc obsclvaçr'io, licqüôncia angular ol, c

distribuiçiio do antplituclcs (ou cncrgia) ao lorrgo da licntc dc
onda inicial. Ncstc cxcnrplo, lìri obscrvad() (luc, no caso da
licntc dc onda inicialnlcntc planar (lì : oo) com clistribuição
irrcgular tlc anrplituclcs, a conlporl0lltc rlc clcspolarizaçiìo do
scgunclo tclnro (quc é orlogonal iì clircção clc propagaçi'ro)
Inantónr-sc inclcpcndcntc cla clistância cla licntc clc onda ao
ponto dc obsclvação, 0o passo quc il conlpotlcntc clo scgunclo
tcnìlo, na clircção clc propagaçiir), crcscc proporcionalnrcntc
conl a clistância ao ponto clc obscrvação. lìstc làto limita lbr-
Icn]ont0 o uso do mótoclo tlo raio com rcspcito ¿i distância, so

a licqtiôncia n¿io Iìrl sul'icicntcnrcntc alta, or¡ com rcspcito a

baixas licqiiôncias, caso a distância cla licntc dc oncla ao pollto
dc obscrvaçiìo sc.ia grandc. llstc cxcntplo lantbénr dcixa cla-
ro tluc limitaçircs ao nrótodo rlo raio poclcm sur.gir até rncsrno
clr mcios hontogôncos.

No scgunclo cxcnrplo. n(ls consiclcr¿uros um mcio onclc
a vclocitlaclc é Lrrna Iìnçiìo lincar cla prolìrnclidaclc. l)ara
mininrizal os chloulos, nos rcstringirnos ao c¿tso 2-D, cnr c¡uc
o canlpo ó gclado por unla licntc clc oncla inicial cilínclrica.
Os par'ânrctros cnvolviclos lìlranr os l.ncsutos tlo primciro
cxcrnplo, porónt as limitaçõcs oncontraclas lbram aincla ntais
scvcras. Ilm vista clcstcs rcsultaclos, Iica claro c¡uc é irnpor-
tantc chcciìr sc as nutncrosas aplicaçtìos clo ntótoclo do raio
cstão ilc ¿rcorclo corn a valiclaclo da tcoria. Ilsta tarclà rcquer o

cstutlo intcnsivo do sogunclo tcrrno da súric clo raio. I)ara isto,
ó noccssário cluc sc clcscnvolvant algoritnros clìcicntcs para
o cítlculo clcstc tcrlno.

L
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